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Both the direct and HAL QCD methods are used
to study two-hadron systems in lattice QCD. In previ-
ous studies for large pion masses,2) the direct method
showed that both dineutron and deuteron are bound.
However, the HAL QCD method suggests that these
are unbound. In the series of papers,3,4) we pointed out
that these discrepancies originate from the misidentifi-
cation of the ground state in the direct method due to
the scattering states,3) which can be revealed by some
simple tests using Lüscher’s finite volume formula.4)

In the direct method, one measures the energy eigen-
value. It is estimated by the plateau value of the effec-
tive energy shift, which is given by

∆Eeff(t) ≡
1

a
log

[∑
r⃗

R(r⃗, t)

]/[∑
r⃗

R(r⃗, t+ a)

]
(1)

using the R-correlator

R(r⃗, t) ≡ ⟨0|T{B(x⃗+ r⃗, t)B(x⃗, t)}J (0)|0⟩
{CB(t)}2

, (2)

where J (B) is a source(sink) operator and the baryon
propagator CB(t) ≡ ⟨B(t)B̄(0)⟩. It converges to the
ground state energy at a large time, where the ground
state is saturated. For example, the inelastic state be-
comes negligible around 1 fm, while the elastic exci-
tation in the two-baryon system remains even around
O(10) fm, which causes a fake plateau-like structure
around 1.5 fm in the actual calculations.
Such a fake plateau problem can be checked by the

source dependence.3) Figure 1 shows the effective en-
ergy shift of ΞΞ(1S0) at mπ = 0.51 GeV using the wall
and the smeared sources. There is a plateau-like struc-
ture around t ∼ 15a ≃ 1.5 fm, but it depends on the
source, which means either (or both) of the results is
fake.

Since the time-dependent HAL QCD method uses
both the ground and the scattering states simultane-
ously to extract the interaction, it does not require the
ground-state saturation. In this method, the potential
is defined from the R-correlator, and some systematic
uncertainties are shown to be under control.1)

Using the correct eigen energies ∆En and eigen-
function Ψn(r), which are obtained by solving H ≡
H0 + V (r) with the HAL QCD potential V (r) in the
finite box, the R-correlator is expanded by

R(p⃗ = 0, t)≃
∑
r⃗

∑
n

anΨn(r⃗)e
−∆Ent=

∑
n

bne
−∆Ent (3)
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Fig. 1. The effective energy shift using the wall and the

smeared source for ΞΞ(1S0) at mπ = 0.51 GeV. The

lattice size L = 48 with the lattice spacing a ≃ 0.09 fm.

Fig. 2. Reconstructed ∆Eeff(t) and its convergence.

The contamination coefficients bn are determined from
the orthogonality of Ψn(r⃗).

Figure 2 shows the ∆Eeff(t) reconstructed using a
low-lying bn and ∆En, which well reproduces the fake
plateau. The ground-state saturation of the smeared
source is estimated to be around t ∼ 100a ∼ 10 fm
at L = 48. This result proves the advantages of the
HAL QCD method, and the direct measurement of the
two-baryon system is not practical.
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Are two nucleons bound in lattice QCD for heavy quark masses?†

T. Iritani∗1 for HAL QCD Collaboration

The interactions between hadrons are important for
understanding the origin of the matter. These inter-
actions are described by quantum chromodynamics.
There are two approaches to study two-hadron systems
based on lattice QCD. In the direct method, one ex-
tracts the eigenenergy of a two-particle system through
temporal correlation. In the HAL QCD method, po-
tential is determined by spatial correlation.

These two methods should be equivalent. How-
ever, in the previous studies on heavy quarks masses,
deuterons and dineutrons have been found to be bound
in the direct method and unbound in the HAL QCD
method. In a series of papers,1,2) we reported that the
direct method experiences systematic uncertainties re-
sulting from elastic scattering states.

In the direct method, the energy shift is measured
using the temporal correlation where the ground state
is dominant. For example, inelastic excitation can be
neglected around 1 fm. However, in two-particle sys-
tems, there are elastic scattering states, whose gap
is considerably smaller than that of inelastic scatter-
ing states. Typically, ground state saturation requires
O(10) fm. Owing to its slow convergence, one might
misidentify the ground state energy around 1.5 fm.
To resolve such a fake measurement problem, we pro-

pose a simple check of the energy shift (∆EL) using the
scattering phase shift, δ0(k), which is given by

k cot δ0(k) =
1

πL

∑
n⃗∈Z3

1

|n⃗|2 − |kL/(2π)|2
(1)

according to Lüscher’s finite volume formula, where
k is given by ∆EL = 2

√
m2

B + k2 − 2mB in a fi-
nite box of volume L3. The bound state corresponds
to the pole of the S-matrix at k cot δ0(k)|k2=−κ2

0
=

−
√
−k2|k2=−κ2

0
, which is determined by the extrap-

olation of k cot δ0(k) using effective range expansion
(ERE), i.e., k cot δ0(k) ≃ 1/a0 + (1/2)reffk

2 + · · ·. In
addition, the pole satisfies the physical residue condi-
tion by

d

dk2
[k cot δ0(k)]

���
k2=−κ2

0

<
d

dk2

[
−
√

−k2
]���

k2=−κ2
0

. (2)

However, none of the previous works analyze the bound
state correctly based on the finite volume method. We
re-examine their results carefully. For example, Fig. 1
shows the scattering phase shift obtained by Yamazaki
et al.3) for NN(1S0) and NPLQCD Coll.4) for NN(3S1).
The ERE in the upper panel shows singular behavior,
while the EREs in the lower panel are inconsistent with
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Fig. 1. Scattering phase shift (Upper) NN(1S0) in Ya-

mazaki et al.3) (Lower) NN(3S1) in NPLQCD Coll.4)

The red (blue) band denotes the fitted ERE for k2 < 0

(k2 > 0).

each other. Moreover, ERE (NPL2015) violates the
physical pole condition. These EREs suggest that the
ground state is not measured correctly. We have con-
cluded that there are serious uncertainties about the
existence of two-nucleon bound states for heavy quark
masses in all previous studies.1)

While the temporal correlation in the direct method
experiences elastic scattering states, we define po-
tential through spatial correlation in the HAL QCD
method, which does not encounter this problem. Fur-
theremore, we show the reliability of the HAL QCD
method.5)
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